We show that bubbling of almost-harmonic maps between 2-spheres has very different behaviour depending on whether or not bubbles develop at points in the domain at which the energy density of the body map is zero. We also see that this translates into different behaviour for the harmonic map flow. In [11] we obtained results, assuming nonzero bubble point density for certain bubbles, forcing the harmonic map flow to converge uniformly and exponentially to its limit. This involved proving a type of nondegeneracy for the harmonic map energy (a 'quantization' estimate') and an estimate on certain bubble scales (a 'repulsion' estimate). Here we show that without the nonzero bubble point density hypothesis, both the quantization and repulsion estimates fail, and we construct a flow in which the convergence is no longer exponentially fast.
Introduction
In this article, we study the harmonic map energy functional E(u) := 1 2 S 2 |∇u| 2 for maps u : S 2 → S 2 → R 3 . We are interested in the behaviour of E near its critical pointsknown as harmonic maps -and near more general objects -known as bubble trees -which can be thought of as critical points at infinity. Such information is related to the behaviour of the L 2 -gradient flow for E -known as the harmonic map flow -which is a solution of ∂u ∂t = T (u(t)), (1.1) where the tension T (u) ∈ Γ(u * (T S 2 )) is defined to be the negation of the L 2 -gradient of E. (See [11] or [4] for more details in this case.) The flow, when smooth, dissipates energy according to which integrates to the useful identity
Harmonic maps between 2-spheres are well-known to be precisely the rational maps and their complex conjugates (see [4, (11.5) ]). In particular, being conformal maps from a surface, their energy is precisely the area of their image, and thus
for any harmonic u. Since the harmonic maps occur in families, the energy E is degenerate near each critical point. However, by combining work of Gulliver-White [5] and L.Simon [7] , [8, Lecture 3, Section 2] it is possible to prove a substitute for nondegeneracy, that
for u sufficiently close 1 to a harmonic map h : S 2 → S 2 . Estimate (1.3) can be used to analyse the asymptotics of the harmonic map heat flow when it converges smoothly (without bubbling as described below) at infinite time.
In particular, for a flow converging smoothly to a limit u ∞ as t → ∞,
for sufficiently large t, and we see that E(u(t)) − E(u ∞ ) must decay to zero exponentially fast. Moreover, (1.3) allows us to calculate
and thus, for s ∈ [0, ∞) (and a new constant C independent of s)
To begin with, this implies the finiteness of the left-hand side of (1.4) (which is simply false for the harmonic map flow in general, despite (1.2)). In addition, the exponential energy decay then forces the left-hand side of (1.4) to decay to zero exponentially fast. By returning to the equation (1.1) we then must have exponential convergence of u(t) to u ∞ as t → ∞ in L 2 (S 2 ) and thus in C k -for any k -by interpolation. (Even the convergence of u(t) to u ∞ in L 2 (S 2 ) uniformly as t → ∞ is false in general for the harmonic map flow -see [10] .)
Unfortunately, in general the harmonic map flow does not converge smoothly at infinite time (see [1] or the examples below). The best we can hope for is 'bubbling' convergence as the flow approaches a 'bubble tree' which can be thought of as a critical point at infinity for E. We first describe bubbling in the context of sequences of almost-harmonic maps. The following theorem is a combination of the seminal work of Struwe [9] and the improvements of Qing [6] , Ding-Tian [3] , and Wang [12] . See [11, Theorem 1.1] for a more sophisticated version.
1 for example, close in C 3 Theorem 1.1 Suppose that u n : S 2 → S 2 → R 3 is a sequence of smooth maps which satisfy E(u n ) < M for some constant M , and all n ∈ N, and T (u n ) → 0 in L 2 (S 2 ) as n → ∞. Then we may pass to a subsequence in n, and find a harmonic map u ∞ : S 2 → S 2 , and a set {x 1 , . . . ,
Moreover, for each x j , if we precompose each u n and u ∞ with an inverse stereographic projection sending 0 ∈ R 2 to x j ∈ S 2 (and continue to denote these compositions by u n and u ∞ respectively) then for i ∈ {1, . . . , k} (for some k ∈ N dependent on j) there exist sequences a i n → 0 ∈ R 2 and λ i n ↓ 0 as n → ∞, and nonconstant harmonic maps ω i : S 2 → S 2 (which we precompose with the same inverse stereographic projection to view them also as maps R 2 ∪ {∞} → S 2 ) such that:
as n → ∞, for each unequal i, j ∈ {1, . . . , k}.
(ii)
(iii) For each i ∈ {1, . . . , k} there exists a finite set of points S ⊂ R 2 (which may be empty, but could contain up to k − 1 points) with the property that
We refer to the map u ∞ : S 2 → S 2 as a 'body' map, and the maps ω i : S 2 → S 2 as 'bubble' maps, or simply 'bubbles.' The points {x 1 , . . . , x m } will be called 'bubble points,' and the λ i n 'bubble scales.' Since each ω i is a nonconstant harmonic map between 2-spheres, the energy of each must be at least 4π.
In anticipation of an application of Theorem (1.1) to the harmonic map flow, we now seek a generalisation of (1.3); we want to understand the behaviour of E for maps not necessarily C k -close to a harmonic map, but with small tension in L 2 . (Such maps need not be even W 1,2 -close to a harmonic map -see [11] .)
In [11, Theorem 1.2] we proved such a generalisation, building on our earlier work in [10] . Here we state a weaker version with simpler hypotheses. Theorem 1.2 Suppose that we have a sequence of maps u n : S 2 → S 2 satisfying the hypotheses of Theorem 1.1, and that we pass to a subsequence and find a limit u ∞ , bubble points {x j } and bubble data ω i , λ i n , a i n at each bubble point -as we know we can from Theorem 1.1.
Suppose that at each bubble point, only one bubble develops -i.e. that in the language of Theorem 1.1, k = 1 at each x j . Suppose further that the energy density of the body map is nonzero at each bubble point -i.e. that |∇u ∞ |(x j ) = 0 for all j ∈ {1, . . . , m}.
Then there exist constants C > 0 and k ∈ N ∪ {0} such that after passing to a subsequence, the energy is quantized according to
A further part of [11, Theorem 1.2] is a 'repulsion' estimate which controls some of the bubble scales λ i n by:
.
(1.6)
The full version of [11, Theorem 1.2] allows multiple bubbling at each point subject to a compatibility condition, and only requires the body map to have zero energy density at certain bubble points. It is at these bubble points that the bubble scales satisfy the repulsion estimate (1.6).
One of the results of this paper is that both the quantization estimate (1.5) and the repulsion estimate (1.6) may fail if we allow arbitrary bubbles to occur at points where the energy density of u ∞ is zero. See Corollary 2.2 below. Theorem 1.1 gives us a basic understanding of the asymptotics of the harmonic map flow, as we now describe. By considering (1.2), given any sufficiently regular harmonic map flow u, we may find a sequence of times
. We may then apply Theorem 1.1 to the sequence of maps {u(t n )} to get bubbling convergence. (So far, this says nothing about the behaviour of the flow at times between t n and t n+1 .)
It turns out to be possible (see [11] for details) to apply Theorem 1.2 to flows with appropriate bubbling, in order to obtain a quantization estimate for u(t) for all sufficiently large t -not just for the maps u(t n ). We state this result for smooth flows -note that the standard Struwe flow (as in [9] ) is smooth for sufficiently large time, and we are only concerned here with the asymptotics of the flow. As before, the results in [11] are somewhat stronger.
is a smooth solution of (1.1). Then after picking times t n → ∞ so that T (u(t n )) → 0 in L 2 (S 2 ) and analysing the sequence {u(t n )} with Theorem 1.1, if only one bubble develops at each bubble point and the energy density of the body map u ∞ is nonzero at each bubble point, then there exists C > 0 independent of t such that
for sufficiently large t, where
Remark 1.5 Exactly as described earlier for smoothly converging flows, we can use an estimate such as (1.7) to deduce exponential decay of both E(u(t)) − E and
ds. This time, the consequence is the following corollary (cf. [11, Theorem 1.7] ). 
A priori, not even uniform convergence u(t) → u ∞ in L 2 (S 2 ) as t → ∞ is clear. In fact, for more elaborate target manifolds than S 2 , this may fail -see [10] .
A further result of this paper is that if we allow a smooth flow to develop bubbles at points in the domain where the energy density of u ∞ is zero, then the convergence of the flow need not be exponential -see Theorem 2.3 below. The combination of this result and [11] leads to apparently the first situation for the harmonic map flow in which the position of bubble points in the domain is shown to have a bearing on the properties of the bubbling.
Details of results
We first need the results of some energy and tension computations for a simple map between 2-spheres.
Proposition 2.1 Given d ∈ N and ε ∈ (0, 1], consider the map w ε : S 2 → S 2 defined in terms of stereographic complex coordinates by
for universal c 0 , C 0 > 0;
2)
for c 1 , C 1 > 0 dependent only on d.
Given these calculations (see Section 3 for comments on the details) we may define a sequence of maps u n : S 2 → S 2 by u n := w 1/n to establish the following corollary.
Corollary 2.2 For any d ∈ N, there exist k ∈ N and a sequence of smooth maps u n :
, with c, C > 0 dependent only on d. In particular, the quantization estimate (1.5) fails for the sequence {u n }. Moreover, if we apply Theorem 1.1 to the sequence {u n }, then the resulting bubble scales must satisfy
, for some c, C > 0 independent of n.
The second part of this corollary should be compared to the repulsion estimate in [11] mentioned in (1.6).
The sequence u n converges to a constant body map with bubbles of degree d and −d. An alternative example, with slightly different exponents, would arise by defining instead u n (z) = w 1/n (nz). In this case we would get a degree d body map with a single degree −d bubble. Next we state precisely our result for the harmonic map flow. (a)
Inequality (2.3) implies that u(t) does not converge exponentially to u ∞ , and should be compared to (1.8) . (Note that for the flow in question, u(t) does nevertheless converge to u ∞ as t → ∞.)
Inequalities (2.5) and (2.6) imply in particular that their left-hand sides cannot decay exponentially to zero as t → ∞, and should be compared to Remark 1.5.
Elements of the calculations and proofs
Although it is the complex coordinates which help us to pick natural maps for this problem, we are better off calculating in spherical polar coordinates (θ, φ) in order to later apply the comparison principle and exploit rotational symmetry. With our convention, θ ∈ [0, π] represents the 'latitudinal' angle from the vertical, and φ measures longitude.
We will be considering, for integral d ≥ 1, maps of the form
The energy of such a map is given by
and the tension may be written
where τ (β) : [0, π] → R may be calculated 2 to be
and we have abused notation by using β both as a function and as a target coordinate.
Proof. (Proposition 2.1.) The map w ε of Proposition 2.1 is of the form (3.1) with β ≡ α where
Plugging this into (3.2) and using the substitution t = tan θ 2 , we eventually find that
which then gives (2.1) of the proposition since the integral can easily be checked to be of order
From the definitions of α and τ , a straightforward but long calculation takes us to
Plugging this into the expression Remark 3.1 Related to w ε is the map u ε : S 2 → S 2 given by
Calculations for u ε show (cf. Proposition 2.1) that
for universal c 0 , C 0 > 0, and
for c 1 , C 1 > 0 dependent only on d. This turns out to be useful in the theory of biharmonic maps -see [2] .
We now consider the significance of the maps w ε to the harmonic map heat flow. As we see in the following proposition, it is possible to use these maps, with ε dependent on time, as barriers. 
By symmetry, the left-hand side of (3.9) must be weakly negative for θ ∈ [ π 2 , π]. The proof of the proposition is a straightforward calculation using the inequality r 2 (1 + ε 2d (r d − r −d ) 2 ) ≥ ε 2 /2 valid for r > 0, ε ∈ (0, 1], d ≥ 1, say. Note that neither this inequality nor the ODE of the proposition is sharp.
Remark 3.3
If we now have a smooth solution of (1.1) of the form
where
then by virtue of Proposition 3.2, we may apply the comparison principle (see [1] for details in a very similar situation) to establish that Proof. (Theorem 2.3 .) The work of Struwe [9] gives the existence of a weak solution u with u(0) = u 0 , which is smooth on some maximal time interval [0, T ) with T ∈ (0, ∞], and indeed smooth throughout space-time except possibly at finitely many points. There is no other smooth solution on [0, T ) with u 0 as initial map -see for example [9] .
Since the initial map is of the form (3.1) with β ≡ α 1 , and α 1 (θ) = −α 1 (π − θ), the uniqueness we have described guarantees that the flow will be of the form (3.10) for t ∈ [0, T ), with h satisfying h(0, ·) ≡ −π and h(θ,
. By the finiteness of the singular set, a flow of this form must be smooth away from the poles θ = 0 and θ = π at time t = T if T < ∞, and so by the bubbling description of singularities in the Struwe flow given in [9] , the only way that u could fail to be smooth would be by bubbling at the poles.
Meanwhile, since h(·, 0) ≡ α 1 , Remark 3.3 tells us that −π ≤ h(θ, t) ≤ α ε(t) (θ) for θ ∈ [0, π 2 ] and t ∈ [0, T ), where ε(t) > 0 is as in Proposition 3.2. In particular, this restricts the image of the flow near the pole θ = 0 at finite time, ruling out the development of a bubble at finite time and forcing T = ∞. Note that our knowledge of the harmonic maps between 2-spheres, and the bubbling theory of Struwe then forces the flow limit u ∞ to be the constant map (θ, φ) → (0, dφ).
Although this argument holds for all integral d ≥ 1, we are assuming d > 1 in the theorem, and therefore the solution of the ODE for ε in Proposition 3.2 is ε(t) = (1 + 32d(d − 1)t) For t ≥ 1, say, we have ε(t) ≥ ηt
for some η = η(d) > 0 which we may reduce during the proof.
Meanwhile, for 0 ≤ θ ≤ ε ≤ 1, we may estimate α ε (θ) ≤ −η for some small η > 0 independent of ε, and therefore, since α ε(t) (θ) ≥ h(θ, t) for this range of θ, and all t ≥ 0, we have |u(t) − u ∞ | ≥ η > 0 (for a possibly smaller η) on the disc defined by θ ≤ ε(t). Consequently, u(t) − u ∞ L 2 (S 2 ) ≥ ηε(t), which once combined with (3.11) is (2.3) of Theorem 2.3.
In order to tackle (2.4) let us return to the definition of τ given in (3.3), and assume that β(0) = −π and β(
